In this paper we realize an absolute bound of 7 on the diameter of the commuting graph for the class of solvable groups with no cyclic or generalized quaternion Sylow subgroups.
1 Results Definition 1.1. Suppose n is an integer, n ≥ 3. Let Q 2 n be the group with presentation x, y | x 2 n−1 = 1, y 2 = x 2 n−2 , yx = x −1 y . Then Q 2 n is called the generalized quaternion group of order 2 n .
We remark that each element of Q 2 n may be reduced to the form x i y j , where i ∈ {0, 1, 2, . . . , 2 n−1 } and j ∈ {0, 1}. Furthermore we see that if x i 1 y j 1 and x i 2 y j 2 have this form, then these products represent the same element if and only if i 1 = i 2 and j 1 = j 2 . Thus Q 2 n does indeed have order 2 n . For more on generalized quaternion groups, we refer the reader to [3, pp.140-141] .
The following theorem constitutes our primary result. We let G * = G\{e}, where e is the identity element of G; ∆ G * denotes the commuting graph of the group G, with vertices G * and an edge joining each pair of commuting elements. Proof. Let p be a prime dividing the order of N , and let V be the set of all elements of N having order p, together with the identity element of N . We observe that V is nontrivial, by Cauchy's Theorem. (See [1, p.93] .) Furthermore V is an abelian group, because N is an abelian group, and a product of commuting elements of order p yields an element of order dividing p. And in fact, V is normal in G. Indeed if v ∈ V , then for any g ∈ G we have gvg −1 ∈ N , because V ⊆ N and N is a normal subgroup of G. Hence gvg −1 ∈ V , because v and gvg −1 have the same order. Since V is abelian, we shall write its operation additively, when considered a group on its own. We observe that V is a left Z-module in a natural way. In particular for a nonnegative integer n and v ∈ V , we define
where an empty sum is taken to be 0 V . And for n < 0, we let
Let F p = Z/pZ, the field of p elements, and for an arbitrary n ∈ Z, let
We point out that hvh −1 is an element of V , because V is normal in G and H ⊆ G. Moreover the formula of (2.1) is well defined, since each nontrivial element of V has order p, and
We claim that V is a left R-module under the product of (2.1). We have 1 R * v = v for all v ∈ V , because the identity element of H is also the identity of G. And it is easily checked that for integers n h and m h , h ∈ H, we have
, because each term is an element of V , and so we realize that
Finally, we have
. Thus our claim is established. Now since V is finite but nontrivial, there exists a minimal nontrivial submodule W of V , obviously. In other words, W is a simple R-module. Let E be the collection of all R-module endomorphisms of W , endowed with the operations of addition and multiplication defined as follows. For arbitrary elements ϕ, ψ ∈ E and w ∈ W , let (ϕ + ψ)(w) = ϕ(w) + ψ(w) and (ϕψ)(w) = ϕ(ψ(w)). Then by Schur's Lemma, E is a division ring under these operations. (Refer to [2, p.35] .) Furthermore E is finite, because W ⊆ G and G is finite. Therefore E is a field, by Wedderburn's "Little" Theorem. (See [2, p.214 
, for all w ∈ W . We observe that if x ∈ W as well, then
And for g∈H [n g ] p · g ∈ R, we have
because R is commutative. Therefore ϕ h ∈ E. Moreover ϕ h is injective, because hwh −1 = hxh −1 implies w = x. Thus ϕ h ≡ 0 W , and so ϕ h ∈ E # .
Define Φ : H → E # by Φ(h) = ϕ h , for all h ∈ H. We observe that if g is an element of H as well, and w ∈ W , then ϕ gh (w) = (gh)w(gh)
Hence Φ(gh) = Φ(g)Φ(h). Therefore Φ is a group homomorphism, and so Φ(H) is a subgroup of E # . Furthermore Φ(H) must be cyclic, because E # is cyclic, and a subgroup of a cyclic group is cyclic. (See [1, p.36] .) But H is assumed to be noncyclic. Thus Φ(H) cannot be isomorphic to H, and so Φ has a nontrivial kernel. In other words, there exists a nontrivial element h ∈ H * such that ϕ h is the identity map on W . Equivalently hwh −1 = w, or h and w are commuting elements, for all w ∈ W . Hence we have the lemma, because W ⊆ N is nontrivial. Definition 2.2. Let G be a group, and let p be a prime number. If the order of each element of G is a power of p, then G is called a p-group.
We remark that p 0 = 1 counts as a power of p in this definition. We also note that a group G is a p-group if and only if the order of G is a power of p.
This is a consequence of the theorems of Lagrange and Cauchy. (See [1, p.39 and p.93].)
We shall require two results concerning p-groups. The first is well known, and will be applied frequently; the second is more technical. We refer the reader to the literature for their arguments. Definition 2.5. Let G be a group, and let p be a prime number. If H is a maximal p-subgroup of G, then H is called a Sylow p-subgroup.
We note that for a finite group G of order p a m, where gcd(p, m) = 1, H is a Sylow p-subgroup of G if and only if H has order p a . Furthermore, the total number of Sylow p-subgroups is ≡ 1 (mod p), and any two are conjugate, thus isomorphic. (See [1, p. 
95].)
We are now prepared to give an argument for Theorem 1.2.
Proof. Let N be a nontrivial abelian normal subgroup of G. Let g 1 and g 2 be arbitrary nontrivial elements of G, and let i 1 and i 2 be the orders of g 1 and g 2 , respectively. Assume that i 1 = j 1 p 1 and i 2 = j 2 p 2 , where j 1 and j 2 are positive integers, and p 1 and p 2 are prime numbers. We observe that for each k ∈ {1, 2}, the cyclic group g
has order p k , and thus is a p k -subgroup of
* be an element of order p k . By hypothesis, P k is neither a cyclic group, nor a generalized quaternion group. Thus by 2.4, P k has more than one subgroup of order p k . Hence there exists x k ∈ P k \ z k of order p k .
For fixed k ∈ {1, 2}, consider two possibilities regarding g
. And x k and g j k k are commuting elements, because x k ∈ P k and g
In particular, H k is a noncyclic abelian subgroup of G. Thus by 2.1, there exist nontrivial commuting elements h k ∈ H * k and w k ∈ N * . Furthermore we realize that g k , g j k k , h k , w k is a commuting path in ∆ G * , because g k commutes with g j k k , of course, and each of g j k k and h k is an element of the abelian group H k . Now assume g
and z k generate distinct groups of order p k . Moreover these elements commute, because g
· z k , and observe that H k is a noncyclic abelian subgroup of G, once again. So as above, there exist h k ∈ H * k and w k ∈ N * such that g k , g j k k , h k , w k is a commuting path in ∆ G * . Affixing our commuting paths for k = 1 and k = 2 to one another, with the k = 2 path on the right side and written in reverse, we obtain a new path in ∆ G * , because each of w 1 and w 2 is an element of the abelian group N . In particular, the path is g 1 , g
, g 2 . Therefore in view of the length of this path, the theorem is realized.
Before giving a proof of Corollary 1.3, we prove a fact from group theory. Lemma 2.6. Let G be a group with derived series
Proof. Let ϕ : G → G be an arbitrary homomorphism. We claim that ϕ (G i ) ⊆ G i for all i ≥ 0. We prove this by induction on i. The claim is obviously true for i = 0. So assume that it holds for some particular i ≥ 0. Since G i+1 is the derived subgroup of G i , a general element of G i+1 may be expressed as a product of commutators,
But by assumption, we have ϕ (G i ) ⊆ G i . Thus ϕ(g j ), ϕ(h j ) ∈ G i for each j, and so k j=1 [ϕ(g j ), ϕ(h j )] ∈ G i+1 . Therefore the claim holds for i + 1, and hence for all nonnegative integers, by induction.
Now let x ∈ G, and define ϕ x : G → G via the formula ϕ x (y) = xyx −1 for all y ∈ G. Then ϕ x is a homomorphism. (In fact, ϕ x is the 'inner automorphism of G induced by x'. See [1, pp.90-91] .) Thus ϕ x (G i ) ⊆ G i for all i ≥ 0, by our above argument. The lemma follows.
We end the paper with an argument for Corollary 1.3.
G } be the derived series of the nontrivial finite solvable group G. We observe that the subgroup G i−1 , obviously nontrivial, is abelian, because its commutator subgroup is trivial. Furthermore, G i−1 is a normal subgroup of G, by Lemma 2.6. Therefore since G has no cyclic or generalized quaternion Sylow subgroups, by hypothesis, we realize the corollary by applying Theorem 1.2.
